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1. INTR~DUCT~~N 
In the present paper we shall first discuss a number of simple com- 
binatorial problems involving permutations of 2, = {I, 2,..., n}. In 
these problems we are not concerned with group-theoretic questions 
but merely look on the permutations as arrangements of Z, _ More 
precisely, corresponding to the permutation 
we consider the ordered set of distinct integers 
subject to various conditions. 
The most familiar result, of course, is that the number of permutations 
of 2, is equal to n!. 
We discuss first the number of permutations of Z, with a given 
number of inversions. An inversion is a pair a, , uj such that 
(i - j)(a, - aj) < 0. 
For example, the permutation 23 154 has three inversions. 
The second probIem we shall discuss is the enumeration of up-down 
permutations. An up-down permutation is one in which 
al < a2 , a2 > a3 , a3 < a4 ,... , 
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Similarly, a down-up permutation is one in which 
=2 < a3 I u3 > a, ,... . 
For ?z :> 1, the number of up-down permutations is equal to the number 
of down-up permutations, so that it suffices to consider the former 
variety. This number was first found by Andre [16, pp. 105-I 071 but 
has recently been rediscovered [ 10, 151. 
Next we consider the number of permutations with a given number 
of rises. ,4 rise is a pair of consecutive eIements ai , nitI with ai -=: a$?~, ;
it is customary to include a conventional rise to the left of a, . A..fall 
is a pair of consecutive elements ai , ai+l with a, > ailI , in addrtron 
we include a conventional fall to the right of a, . Clearly, if the per- 
mutation TT of Z,, has I rises and s falls, then r 1” s = n I-. 1. For 
example, 23154 has three rises and three falls. While it is not necessary 
to introduce falls in addition to rises, it makes for greater symmetry. 
‘l’hc number of permutations of Z,, with a given number of rises is a 
so-called Eulerian number [17, Chap. 81. We shall develop some of the 
properties of these numbers. 
The permutation (urus .a* a,) has a maximum at ai if clip, , ai is a rise 
while ai , aiLl is a fall. The cases i = 1, n are included. For example, 
32154 has two maxima, namely at 3 and at 5. The number of 
permutations of Z, with a given number of maxima (using slightly 
different definitions) has been obtained by Entringer [l I]. We shall 
enumerate the number of permutations of Z,, with r rises and k maxima. 
Many problems involving permutations can be generalized in the 
following way. Put 
where the ei are arbitrary non-negative integers. We consider sequenres 
where 
n = ( al , a, ,‘.., UN), 
ai E Zn (i = 1, 2,..., N) 
U-3) 
and each element j in u occurs exactly e, times. We call [e] the specijication 
of u. 
Corresponding to each of the permutation problems described above, 
we have problems involving sequences. For inversions, the extension 
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to sequences is straightforward [I, 41. For up-down permutations, on 
the other hand, there are various possibilities. In the first place, we define 
an up-down sequence u as one that satisfies 
a, < a, , a2 > a3 , u3 < a4 I... 
and similarIy for down-up sequences. In Section 7 we obtain a generating 
function for A(+ ,..., e,), the number of up-down sequences of speci- 
fication [c, ,.,,, enI, as the quotient of two polynomials in 1~ variables. 
In particular, for 
the total number of up-down sequences of length N, we obtain a fairIy 
simple generating function. 
In the second pIace (Section 8) we 1abeI the repeated elements of 
u : i, i’, i” ).., and agree that the labeled elements are always in natural 
order. We now obtain generating functions of the folIowing kind: 
and 
where m = p@$ *.a p2 and 
A(m) = A(e, ,,,,, e,) (e, + --- + e, = 1 (mod 2)) 
B(m) = A(e, ,..., e,) (el + *-a + e, = 0 (mod 2)). 
The problem of enumerating the number of sequences of a given 
specification and with a given number of rises is known as Simon 
Newcomb’s problem [17, Chap. 81 and was solved several years ago 
by Dillon and Roselle [8]. It had originally been solved by MacMahon. 
The solution is expressed in terms of the extended Eulerian numbers 
introduced by the present writer [2]. The Simon Newcomb problem can 
be further refined by considering both rises and falIs. Since a sequence 
may have rises, falIs, and levels, this is indeed a refinement of the original 
problem. A solution of the refined problem was published in [3] and is 
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sketched in Section 8 below. If A(e, ,..,, e, 1 r, s) denotes the number of 
sequences of specification [e, ,,.., . ’ e,] with Y rrses and s falls, we show, in 
particular, that 
the product extending over all primes p. We have also 
where 
B(m; r, s) = A(e, ,..., e,)r, s). 
2. INVERSIONS 
We have defined an inversion of the permutation (aI , a2 ,..., a,,) as 
a pair ai , ui such that 
(i - j)(q - ai) < 0. 
Let I(n, k) denote the number of inversions of 2, with exactly k 
inversions. To evaluate I(n, K), we empioy a method that is useful in 
various permutation problems. 
Given the permutation Z- of 2, with K inversions, we ask what happens 
when we insert the new element n + 1. If the new number is inserted 
to the right of alE , it is cIear that the number of inversions is unchanged; 
if it is placed between a,-, and a, , the number of inversions becomes 
k + 1; if it is placed between an-z and a,-, , the number of inversions 
becomes K + 2, and so on. This evidently yields the following recurrence: 
I(n+l,k)= &t,k-j). (2.1) 
i=O 
i@ 
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It follows from (2.1) that 
so that 
(2.2) 
It is evident from the definition of 1(n, k) that 
(k = 0) 
(k > O), 
so that 
f  I(I,K)d = 1. (2.3) 
k:=O 
Combining this with (2.2), we get 
It is clear from (2.4) that 
qn, k) = 0 (k > p+z - I)); 
this is aIso evident from the definition. The permutation (n, n - l,, ,., 2,l) 
has &Z(H - 1) inversions while (I, 2,..., n - 1, n) has none. 
Replacing x by x-l in (2.4) we get 
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This implies 
qn, k) = I(72, g+z - I) - 12). (2.5) 
This can also be proved in the following way. Let r = (aI , aB ,..., a,) 
have K inversions, Consider the permutation n’ = (6, , b2 ,..., b,), 
where 
6,-7hO,+I (i -: 1, 2,.. , I7). 
It is easily verified that 7~’ has ;72(72 - 1) --k inversions and (2.5) follows 
at once. 
We may write (2.4) in the form 
pdn--1) 
c I(n,k)x”‘=(l +x)(1 +x2)-.,(1 -~-x+~*‘-{-.~-y, 
k&l 
This implies the following combinatorial theorem. 
Let N(n, k) denote the nunlher of solutions irl non-negative integers 
Xl I x2 ,..., x, of the equation 
k = Xl + x2 ; . . ’ + x*-, 
subject to the cmditions 
N(n, k) = I(n, k). 
3. UP-DOWN PERMUTATIONS 
We have defined an up-down permutation (a,, a2 ,,,,, a,) as one 
that satisfies the conditions 
“1 < a,, UQ : a, , a3 < u* ,.*. . (3-l) 
Similarly, we define a down-up permutation as one that satisfies 
111 > a,, a, < us , a3 > a4 ,... . (3.2) 
If we put 
bi = 11 - czi + 1 (i 1 1, 2 ,..., n), 
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then to each up-down permutation (aA, a2 ,..,, a,) corresponds a down- 
up permutation (6, , b, ,..., B,) and conversely. Hence the number of 
up-down permutations is equal to the number of down-up permutations 
and it suffices to consider the former variety. (Up-down permutations 
are sometimes called alternating permutations, but this terminology 
may lead to confusion with the alternating group.} 
Let A(n) denote the number of up-down permutations of 2, . It is 
convenient to take 
A(O) = A(1) = 1. 
It is easily verified that 
A(2) = 1, A(3) = 2, A(4) = 5. 
It is convenient to picture an up-down permutation in the foIlowing 
way. 
(n odd) 
%\d%p\%\% (neven) 
Consider an arbitrary up-down permutation of 2, . The element n 
must be on the upper line. If n is odd, it is clear from the above picture 
that, after deletion of n, the given permutation splits into two up-down 
permutations, each with an odd number of elements. If, however, ?z is 
even, the given permutation breaks up into two up-down permutations 
of which the first has an odd number of elements while the second has 
an even number. There is an apparent exception when n is the extreme- 
right-hand element, but this is taken care of by the convention A(O) = 1. 
We accordingly obtain the following recurrence: 
d4(n) = *k+F<, CL: 1 A(2k + 1) A(” - 2K - 2) (n > I). (3.3) 
It is convenient to treat separately the cases n odd and n even. In the 
first case we have 
A(2n + I) = 1:; t2K’; J A(2k + 1) A(2n - 2k - 1) (n > 0); (3.4) 
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in the second we have 
4w = :z; r”,; ; 1 ,4(2k + 1) A(2n - 2k - 2) (n > 0). (3.5) 
Now put 
F(x) = -g A(2k + 1) (2;2$ ) 
Ic=o 
G(x) = g A(2k)&,. 
I;=0 
Then by (3.4) 
= 1 +” f A(% + 1) 
k=O 
(*f;;)! & 42n - 2/f - 1) (n ““;;“1!!. 
This gives 
F’(x) = 1 +P(x). 
Similarly, by (3 S), 
which yields 
G’(x) = F(x) G(x), 
It follows from (3.6) and (3.7) that 
F(x) = tan x, G(s) y set x. 
Therefore we have 
in A(n) 2 = set x -t tan *. 
- 
(3.6) 
2) 
p-2&2 
(n - 2k- 2)!’ 
(3.7) 
(3.8) 
(3-9) 
Thus the numbers A@) are secant coefficients while the numbers 
A(2n + 1) are tangent coefficients. 
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We remark that it follows from (3.9) that 
and 
(3.10) 
(3.11) 
4. RISES AND FALLS 
A rise in the permutation (n, , a2 ,..., a,) is a pair of consecutive 
elements ai , ui+r such that ai < ai+l ; a fal2 is a pair a, , ai+r such that 
ai > a,,, . In addition, we count a conventional rise to the Ieft of a, and 
a conventional fall to the right of a, . If the given permutation has r 
rises and s falls, it is clear that 
r+s=?2+1. (4.1) 
Let C,k denote the number of permutations of 2, with K rises. 
Let m denote a typica permutation of 2, with k rises and consider 
the effect of inserting the new element n + 1. If it is inserted in a rise, 
the number of rises remains unchanged. If it is inserted in a fall, the 
number of rises is increased by one. This gives the recurrence 
P n+1.?G = (12 - h + 2) Pa--k+2 + @ta,k * (4.2) 
Now put 
b,=7a-ua,+1 (i = 1,2 ,..,, n), 
and let 7t’ = (b, , b, ,..., 6,). Then to a rise of r corresponds a fall of r’, 
to a fall of T corresponds a rise of 7~‘. We have therefore 
pn.l, = p*,?l-WI * (4.3) 
This suggests the introduction of a more symmetrical notation. 
We put 
so that 
A(*, 4 = P(r + s + 1, r + 11, (4.4) 
A(r, s) = A(s, r). (4.5) 
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We may define ,4(r, S) as the number of permutations of &++r with 
Y + 1 rises and s + 1 falls. 
Clearly (4.2) becomes 
d(r, s) = (F + 1) A@, s - 1) + (s -I- 1) A(Y - 1) 5). (4.6) 
The first few values of A(r, S) are easily computed by means of (4.6) 
together with 
A(r, 0) = A(0, Y) = 1 (Y = 0, 1, 2 ,... ). 
0 11[ 1 
-- I- ---__ 
11 3 11 
A@, s): __-- 
2 I 11 66 
-I- 1 -I+.--.- 
3 '1 26 302 
-- 
4 1 57 1191 
1 1 
-___ 
26 57 
--, 
302 1 1191 
2416 15619 
(4.7) 
In addition to (4.7), there is a second recurrence which is more 
convenient in obtaining a generating function: 
A@, s) = A(u,s - 1) + A(P .- 1, s) 
+:r:E;(/;:;,, A(j, k)A(r -- j - 1, A(s - k - l)(r + s > 0). 
(4.8) 
To prove (4.Q consider the effect of deleting the element Y + s + I 
from a typical permutation with r + 1 rises and s + 1 falls. If r -i.- s + 1 
is not in the extreme left or right position, then the total number of 
rises and falls is unchanged. If it is on the extreme left, one fall is lost; 
if it is on the extreme right, one rise is lost. 
Now put 
(4.9) 
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By (4.8) we have 
Hence 
F’(z) = 1 + (x +y)F +F2. 
Solving the differential equation we get 
(4.10) 
Taking z = 1, it is clear that 
as a first generating function for A(Y, s). 
If we put 
F =WY) = x; 1;;. , 
it can be verified that 
(4.11) 
(4.12) 
(1 +x;+y$)F= (1 +xW +YF). 
Since, by (4.11), 
we have 
= (1 + xF(x, YNU + rF@, Y)) (4.13) 
as a second generating function. 
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The numbers A(y, s) are usually called Eulerian numbers (some 
writers call them Kummer numbers). The usual definition and notation, 
however, are different from the above. The standard definition is [13; 
17, Chap. 81: 
(4.14) 
If we put h = y/x, (4.14) becomes 
Comparison with (4.11) and (4.4) gives 
A r+s+1.s+1 = A@, 4 = Pr+s+l.s+l - (4.15) 
The generating function (4.13) suggests the generalization 
= (I + a@@., ~))a( 1 + Y&G rY. (4.16) 
The coefficients A(r, s 1 (Y, p) are polynomials in LX, /3 with positive 
integral coefficients. AIgebraic and combinatorial properties of 
A(r, s 1 01, /I) are discussed in considerable detail in [6]. 
5. RISES, FALLS, AND MAXIMA 
Since 
we may put 
or equivalently, 
(5-V 
(1 + xqx, y))(l + yF(x, y)) = F c C(n,j) (V)i(x,; y)+2j . 63) 
n=O Zj$rr 
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It follows from (5.2) or (5.3) that C(n, j) satisfies the recurrence 
C(?l,j) = 2(n - 2j + 1) C(?z - l,j - 1) + (j t 1) C(n - Li>* (54 
Also by comparison of (5.2) with (4.11) we have 
and 
c(2k, k) = 2 c (- 1)“~jA( j, 2k - j) + A(k, k). 
j=O 
The first few values of C(n, k), 0 < 2kjn < 5, follow: 
1 1’ 
1 -___ 2 1 2 --3 l! 8 -- 4 / 1 22 16 
136 
If we put u = x + y, a = xy in (5.3), we get after some manipulation 
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For u = 0, (5.7) reduces to 
f 
n,j-0 
C(2j, j) $$ = SLY? w. (54 
Now let M(Yz, k) d enotc the number of permutations of Z,,,, with K 
maxima. As defined in the Introduction, the permutation (aI , a, ,..., a,) 
has a maximum at ai if aiFl , ai is a rise while ai , a;.+, is a fall; the cases 
i == 1, 12 are included as possible maxima. 
Let n denote an arbitrary permutation of 2& with k maxima. If we 
insert the element n .I- 1 immediatcIy to the left or immediateIy to the 
right of a maximum, the number of maxima does not change. If, however, 
the eIements n + 1 are inserted in any other position, the number of 
maxima are increased by one. We therefore have the recurrence 
17!2(n -k l,k) = (n - 2lr + 3) M(n, W - 1) + ZkM(n, k). 
If we put 
nqn, k) = 3+-Iiqn, k), 
(5.9) b ecomes 
M(lE + 1, k) = $2 - 2k + 3) qn, k ~ 1) -; kM(n, k). 
Comparing (5.11) with (5.4) we get 
M(n + I, k _I- 1) 7-f C(n, h), 
and therefore 
lvqrz + 1, k j- 1) --_ 2’L-27ql, k). 
Thus (5.7) yields the generating function 
z cosh 1/$ - ‘u -- -fI_e sinh g/u2 - 2: I d/u2 - v 
(5.9) 
(5.10) 
(5.11) 
(5.12) 
(5.13) 
(5.14) 
We now consider the more refined problem of the enumeration of 
permutations by rises, falls, and maxima, Let P(Y, S, K) denote the 
number of permutations with r rises, s falls, and k maxima, subject to 
the usual conventions. Let 7~ denote an arbitrary permutation with I 
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rises, s falk., and K maxima, so that TT acts on r + s - 1 elements. 
Consider the effect of inserting Y + s in 7~. There are four possibilities 
depending on the Iocation of the new element: 
(i) immediately to the right of a maximum: 
r-+r$l,s4s,k+R: 
(ii) immediately to the left of a maximum: 
r -+ r, s + s + 1, k --+ k; 
(iii) in any other rise: 
r+r,S+S+l,k+K+l; 
(iv) in any other fall: 
r + r + 1, s 4 s, k 4 k + 1. 
This implies the recurrence 
P(Y,S,k) =kP(r- l,s,k)+kP(r,s- 1,k) 
+ (y - k + lP( Y, s - 1, k - I) + (s - k + l)P(r - 1, s, k - 1) 
(5.15) 
If we put 
P(r, s, k) = i y 1 L; ““) w, s, 3, (5.16) 
we find that B(r, s, k) is a function of Y + s and k; indeed we have 
B(T + 1, s + 1, k + 1) = C(y + s, 4, (5.17) 
where C(q k) is defined by (5.2). Hence, by (5.16), 
P(r+l,r+l,k+l)=(f~~~2K)c(~+-,K). (5.18) 
It follows from (5,1X) that 
M(n + 1, k + 1) = c P(r + 1, s + 1, k + 1) = 274C(% k), 
r+ 8=R 
in agreement with (5.13). 
We also note that 
P(k + 1, k + 1, k + 1) = C(2k, k) = A(2k + l), 
the number of down-up permutations of Z,,,, . 
(5.19) 
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A generating function for P(Y, S, k) is furnished by 
-f “‘ys’ P(r + 1, s + 1, Iz + 1) s;;- = (I “j- uF(u, v))(l + aqu, v)), 
f, S--O k-n 
whore 
u = T&c + y + d/(x + y)” - 4XYX)), 
v = $(x + y - 4(x + y)” - 4.ryz)), 
and 
6. SEQUENCES AND INVERSIONS 
Consider sequences 
u = ( a, , a, ,..., UN) 6.1) 
of specification 
[e] = [e, , e2 ,..., GL N = e1 + e2 + --- + e, , W’) 
where 
ai E Z, (i = 1, z,..., N) 
and each element j in u occurs exactly ej times. An inaersion is a pair 
i, j such that 
(i -j)(Ui - aj) < 0. (6.3) 
Let 
N(r; [e]) = N(r; e, ,..., e,) 
be the number of sequences (6.1) of specification [e] with exactly Y 
inversion. To obtain a generating function for N(y; [e]), we require 
the following preliminary results. 
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where 
(X)n = (1 - x)(1 - x’( *a’ (1 - 3”). 
LEMMA 3. The enumerant N(r; el ,..., e, , e) satisjies the ;Pectmence 
W; el ,..., e, , e) = c iv(r - tr - -** - tk; e, I..., e,), (6.5) 
where the summation is over all t, ,..., tk such that 
0<t,< +‘+ < t, 4 e, + --- + e, 
fl + t, + ‘-* + t7, < r. 
For proof of these lemmas see 141. 
Now put 
F,(x) = F,(x; [s]) = 5 N(r; [s]) xF. 
T=O 
Then by (6.5) and (6.4) we get 
Since 
F,(x; s) = 2 Iv@; k) x’ = 1, 
r-0 
it follows at once that 
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The following corollaries of (6.6) are immediate. First, the enumerant 
N(Y; e, ,..., e,) is symmetric in the sj . Neat, if 
A4 = C Fiej , 
l.;i&Qc 
then 
N(r; e, ,..., en) = N(M - r; e1 )..., e,). (6.7) 
Taking x I- 1 in (6.6) we get 
It also follows from (6.6) that 
f F&Y e, ,.-., 4 
4’ *‘. G” = &) . . . qz,,), 
(4+11+...++?, 
(6.9) 
e,.....e,=O 
where 
If we put 
so that NJP, m) is the tota number of sequences from 2, of length 
m with I* inversions, then (6.9) implies 
(6.11) 
7. UP-DOWN SEQUENCES 
The sequence 
u = (a1 , u2 ,..., uN) (7.1) 
of specification 
M = [e, , e2 ,..., 4, e, + e, + +*a + e, = N (7.2) 
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is called an up-down sequence if 
al > a2 , a2 < a3 , a, > a4 , a, < a5 ,... . (7.3) 
Corresponding to the up-down sequence defined by (7.1), we have 
the down-up sequence 
where 
u’ = (bl 7 b2 I’.., b,), (7.4) 
b, = n--a,+1 (i = I, 2 ,..., N). (7.5) 
If [e 1 , e2 p...j e,] is the specification of u, it follows that [e, , e,-, ,..., e,] 
is the specification of 5‘. 
Let A(r, , e a ,..., e,) denote the number of up-down sequences of 
specification [e, , e2 ,..., en], and let A’(e, , es ,..., e,) denote the number 
of down-up sequences of specification fe, , e2 ,..*, e,]. Then clearly 
A(e, , e2 ,..., e,) = A’(e, , e,-, ,..., el). (7.6) 
Thus it suffices to evaluate A(e, , ea ,..., e,). It is convenient to take 
4e1 I % ,***, e,) = 1 whenN=Oor 1. 
Put 
F(z, ,.*., Zn) = 1 A(e, ,..., e,) a? --- ~2, (7.7) 
N=llmodZ) 
‘D, ,..., 4 = 1 A(e, ,..., e,) zE1 --- z>. 
NO~rnOd2) 
(7.8) 
We consider also the function 
which is evidently the total number of up-down sequences of length N. 
Put 
F&z) = i C,(2N + 1) sN+l, 
N-O 
(7. IO) 
G,(z) = 2 c,(2N)~2N. 
n=o 
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We have the recurrence 
C,.,,(N) x c fi CpJ, (7.11) 
i-0 
where the summation is over all c and odd N, such that 
e+N,-k . . +jrfr I’ -AT (7.12) 
It folIows from (7.11) and (7.12) that 
(7.13) 
Since F,(s) = x, repeated use of (7.13) gives 
(7.14) 
where P,(x), Qrt(z) are poIynomials in x having no common factor. 
They are uniquely determined by taking r),(O) = 1. Using (7.13) we get 
P,+,(z) 7 (1 ~ 2”) P,(x) -I- ZQ,@) 
Qn , &) =-= -d’,(z) -;- Q&y?). 
(7.15) 
Thus both P,,Jz), QJz) satisfy the rccurrcnce 
u,+l .-’ (2 - 9) un + unpl .= 0. (7.16) 
Since 
P&z) = 2, P&q := 2z - 23 
Q,(z) :: 1, Q,(s) := 1 - 22, 
we get 
In a similar way we obtain 
(7.17) 
(7.18) 
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Turning now to the general situation, to begin with we take 
N = e, + l * -  + e, 3 1 (mod 2). 
Then as above we have the recurrence 
where the summation is over all ei such that 
II 
z. eij = pi (1 <j < n) 
and 
Ni = el + +a- + ei, E 1 (mod 2) (0 < i < e). 
It foIlows from (7+19) that 
Hence 
F(z, ,..., Zn) = p@l ‘*-*I %I 
Q(zl I..., 4 ’ 
where P(z, ,-*-, %)l Q(G 2---, XJ are polynomials 
common factor; they are uniquely determined by 
Q(O,..., 0) = 1. 
Similarly we find that 
G(z, ,,.., z,) = 
Q(zl ,t.., 4 . 
It follows from (7.20) that 
(7.19) 
(7.20) 
(7.21) 
m x1 ,..., x, without 
taking 
satisfy 
(7.22) 
(7.33) 
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This implies 
Hence if we put 
u, = U&q ,.,., Xn) 
we get 
and 
p, = U2m-&1 3 I-% 9 x2 ,“‘I -2, , 4. 
For details of the above proofs see [7]. 
8, UP-DOWN SEQUENCES AGAIN 
For a variant of the above, we again consider 
0 = (al , a2 ,..., UN) (ai E &J 
of specification 
[el = [eI , e, ,.-., 4, El + e2 + *** + e, = N. 
We shall however label the repeated elements of u: 
i, i’, i” ,,,., 
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(7.34) 
J 
(7.35) 
(7.36) 
and we agree that in u the labeled elements are always in natural order. 
Thus, for example, 
2 2’ 2 2’ I l,, 2' 2" 
/l/l ,pkw PA 1 1’ 1" z I' 1" 2 1' 1 " 
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are aII up-down sequences while 
are down-up sequences, 
Let A(e, , e2 ,..., en) denote the number of down-up sequences under 
the new definition and put 
where 
44 = 43 , e, ,a*-, &a), (X-4) 
m = p;‘p;” . ..p$ (8.5) 
is the canonical factorization of m. Also put 
Q(z) = f A(m) rn-+, WI 
?n=l 
where the summation is over all m such that 
Also put 
e, + s-s + e, FE 1 (mod 2). (8.7) 
fW4 = 6 , e, ,..., 4, B(1) = 1, 
!P(z) = f E(m) m-r, 
VZ=l 
VW 
(8.9) 
where now the summation is over TIZ such that 
e1 + +*++e,-O(mod2). (8.10) 
We shall show that 
qg = 1 n, (1 + bp-“1 - n, (1 - @“) 
d n, (1 + ip-“) + n, (1 - ip-“) ’ 
2 
w4 = n, (1 + ip-“) + n, (1 - ip-“) ’ 
(8.11) 
(8.12) 
where the products are over all primes p. 
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We shall sketch the proof of (8.11) and (8.12). Put 
and 
Then by setting up a recurrence for A(e, ,..., P,~), we get 
It foIlows from (8.13) (8.14) and F,(x) = x that 
and 
Let PI , Pz ,---, pIL denote any distinct primes and put 
Xk = p,” (W = 1, 2 ,..., ?I). 
If 
* = p;‘p;” . , . p; (e, + *a- + F, = 1 (mod 2)), 
it follows that 
F?z(P;“,..., p,“) = c 9 7 @,(,z), 
7E.w 
(8.13) 
(8.14) 
(8.15) 
(X.16) 
(8.18) 
(8.19) 
where M denotes the set of numbers (8.18). Then by (8.15) we have 
(8.20) 
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Assume now that the p, are the primes in natural order and let n -+ co. 
Then (8.20) d re uces to (8.11). The proof of (8.12) is similar. 
For detaik of the above proof and explicit formulas for A(m) and B(m) 
see [5]. 
9. THE REFINED SIMON NEWCOMB PROBLEM 
We consider finaIIy the refined Simon Newcomb probIem, Let 
5 = ( ra, , fz2 ,*a+, UN) W) 
be a sequence of specification [el , e2 ,,,., e,]. A pair of consecutive 
elements ai , ai+l is a rise, fall, or level according as ai < ai+, , a, > ai+l , 
a, = a,+l . We count a conventional rise to the left of a, and a con- 
ventional fall to the right of aN . Let have r rises, $ falls, and t levels. 
Then clearly 
r+s+t=lv+1. (94 
A wave is a sequence u with no levels, so that 
r+s=N+l. P-3) 
Let A(e, ,..., e, 1 T, t) denote the number of sequences of specification 
[e 1 ,‘.., e,] with r rises and t falls. Let B(e, ,..., e, / T, t) denote the number 
of waves of specification [e, ,.,,, e,l with P rises and t faIIs, where r, t 
satisfy (9.3). 
To begin with we have the basic recurrence 
where 
p+q+u=N+I =e,+*-+e,+l, 
the outer summation is over all p, q such that p + 4 < N + 1 and 
the inner summation is over a11 R such that 1 < k < u - t + e. 
In particular, if 
r + s = el + --* + e, + e + 1, P-5) 
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(9.4) reduces to 
Then the first main result is the following generating function for waves -- 
with respect to rises and faIIs. 
where 
Let 
B(e, , eB ,..., en) 
denote the number of waves of specification [el ,..., eJ and put 
Then, making use of (9.8), we get 
It follows from (9.11) that 
Turning now to the general case, we put 
(9.8) 
(9.9) 
(9.10) 
(9.11) 
(9.12) 
(9.13) 
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Applying the recurrence (9.4), we get 
@n&f1 ,...I % 5 z I ?Yl 
= pz + Z@, qz,..., z,z [ I 
x 1+&) t r(l+&) 
z ’ z 
where 
2=1+& 
It then follows from (9.14) that 
, (9.14) 
(9.15) 
where 
Thus (9.15) furnishes a generating function for A(e, ,..., e, 1 r, 3). 
A special case of (9.15) may be noted. Let 
C(e1 I.‘., en 15) = C ACeI ,..., en I T, s) (9.14) 
r+s=N-t-+1 
denote the number of sequences of specification [e, ,..., e,J with t 
levels. Then we have 
We can also exhibit the generating functions for A(e, ,..., e, 1 Y, S) 
and B(e, ,..., e, j P, s) in a form analogous to (8.11) and (8.12). Let 
m = pi1 “. p% n (9.18) 
denote the canonica1 factorization of the positive integer m and define 
A(# 1 r, s) = A(e, ,..., e, 1 Y, s), 
B(m 1 r, s) = B(e, ,.,., e, 1 Y, s). 
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Then we have 
and 
where 
the product: extending over all primes p. 
If we put 
C)dW = z: C(e, >a*+, en I 4, 
ez+...+c,,E N 
where C(e, ,..., e4 ] t) is defined by (9.16), we get 
S_),(N) = (“; ‘) n(n - 1y-1 (0 < t < Iv). 
In particular, we have [9]: 
Q&v) = a(n - l)N-’ 
for the number of waves of length N. 
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